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THE DEGREE OF KUMMER EXTENSIONS OF NUMBER FIELDS
ANTONELLA PERUCCA, PIETRO SGOBBA AND SEBASTIANO TRONTO
ABSTRACT. Let K be a number field, and let ` be a prime number. Consider elements
α1, . . . , αr ofK× which generate a torsion-free subgroup ofK× of positive rank r. We present
an algorithm to compute the degree of the Kummer extension K(ζ`m , `
n1
√
α1, . . . , `
nr
√
αr)
over K(ζ`m), where n1, . . . , nr vary over the non-negative integers, m is an integer such that
m > max(n1, . . . , nr). The output of the algorithm are formulas in the variables n1, . . . , nr,m
involving only a finite case distinction.
1. INTRODUCTION
If K is a number field, we are interested in cyclotomic-Kummer extensions of K. More pre-
cisely, let ` be a prime number, and let α1, . . . , αr be elements ofK× which generate a torsion-
free subgroup of K× of positive rank r. Then we are interested in the degree of the Kummer
extension
(1) K(ζ`m , `
n1
√
α1, . . . , `
nr√αr)/K(ζ`m) ,
where n1, . . . , nr are non-negative integers, m is an integer such that m > max(n1, . . . , nr),
and ζ`m denotes a primitive `m-th root of unity. For fixed n1, . . . , nr we can write (1) as
K
(
ζ`m ,
`n
√
α`
n−n1
1 , . . . ,
`n
√
α`n−nrr
)
/K(ζ`m) ,
where n = max(n1, . . . , nr). So we may reduce to the case where all exponents n1, . . . , nr
are the same. The degree in this case is known by results of Debry and the first author [1],
see Lemma 7. However, this strategy works only if we consider one single r-tuple n1, . . . , nr
because the elements of which we take the `n-th roots depend on n1, . . . , nr. Notice that if
K = Q and n1, . . . , nr are fixed, the computation of the degree of (1) was also achieved in
[3, Theorem 4.2]. Also notice that if the rank r equals 2, then the author was able to produce
formulas for all n1, n2,m where m > max(n1, n2) with a different method, see [4, 5].
What we achieve in this paper is computing, for any rank r, the degree of (1) for all exponents
n1, . . . , nr,m such that m > max(n1, . . . , nr). We present an algorithm whose output are
formulas for the degree of (1) in the variables n1, . . . , nr,m involving only a finite case dis-
tinction. The theoretical result which is the core of the algorithm is the following (where v`
denotes the `-adic valuation – recall that the considered Kummer degrees are a power of `):
Theorem 1. Let K be a number field, and let ` be a prime number. Consider elements
α1, . . . , αr of K× which generate a torsion-free subgroup of K× of positive rank r. Let
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I = {1, . . . , r}. There is a computable non-negative integer s (which depends only on K,
`, and α1, . . . , αr) such that if n1, . . . , nr,m are integers with m > maxi∈I(ni), then we have
(2) v`[K(ζ`m , `
ni
√
αi : i ∈ I) : K(ζ`m , `min(ni,s)√αi : i ∈ I)] =
r∑
i=1
max(ni − s, 0) .
This result allows us to reduce the computation of the degree to the case in which all exponents
n1, . . . , nr are at most some computable constant s. In this way we are left to compute finitely
many Kummer degrees.
The above result can be interpreted as an “eventual maximal growth” for the Kummer extension
(1): if the exponents n1, . . . , nr are sufficiently large then increasing one of them by 1 has the
effect that the Kummer degree grows by a factor of `. Moreover we can speak of “bounded
failure of maximality” for the degree of the Kummer extension (1), in the sense of the following
result:
Corollary 2. Let K be a number field, and let ` be a prime number. Consider elements
α1, . . . , αr of K× which generate a torsion-free subgroup of K× of positive rank r. There
is a computable non-negative integer B (which depends only on K, `, and α1, . . . , αr) such
that ∏r
i=1 `
ni
[K(ζ`m , `
ni
√
αi : i ∈ I) : K(ζ`m)] | B
for all non-negative integers n1, . . . , nr,m with m > max(n1, . . . , nr).
The structure of the paper is the following: in Section 2 we collect preliminary results, in
Section 3 we prove Theorem 1 and its corollary, and in Section 4 we present the algorithm and
make some examples of computations.
2. PRELIMINARIES
2.1. Linearly disjoint fields. Let K be a number field. We say that two finite field extensions
F and L of K (contained in one same field) are linearly disjoint over K if elements of F
which are K-linearly independent are also L-linearly independent. This definition is the same
as requiring that the following equality holds:
[F : K] · [L : K] = [FL : K] .
We say that finitely many field extensions F1, . . . , Fr of K (contained in one same field) are
linearly disjoint over K if each of these extensions is linearly disjoint from the compositum
of the remaining ones (in other words, if for every i = 1, . . . , r the field Fi is linearly disjoint
from F1 · · · Fi · · ·Fr). Notice that this condition is stronger than requiring the extensions to be
pairwise linearly disjoint (consider for example the three quadratic extensions of Q generated
by
√
2,
√
3, and
√
6 respectively). The condition is the same as requiring that the following
equality holds:
r∏
i=1
[Fi : K] = [F1 · · ·Fr : K] .
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Lemma 3. Let K be a number field, and let F1, . . . , Fr be extensions of K which are linearly
disjoint over K. For every i = 1, . . . , r let F ′i be a subextension of Fi/K. Then the extensions
F ′1, . . . , F ′r are also linearly disjoint over K.
Proof. We know that for every i = 1, . . . , r the field F := Fi is linearly disjoint from L :=
F1 · · · Fi · · ·Fr. We need to show that for every i = 1, . . . , r the field F ′ := F ′i is linearly
disjoint from L′ := F ′1 · · ·  F ′i · · ·F ′r. We have thus reduced the assertion to considering only
two fields: prove that if F and L are two extensions of K that are linearly disjoint over K, the
same holds for two subextensions F ′ ⊆ F and L′ ⊆ L. Consider a subset of F ′ consisting of
K-linearly independent elements. Since this is also a subset of F , we deduce that the elements
are L-linearly independent, and in particular also L′-linearly independent. 
2.2. Results from Kummer theory.
Lemma 4. Let K be a number field, and let ` be a prime number. Consider algebraic numbers
α1, . . . , αr inK×. Let n1, . . . , nr,m be non-negative integers such thatm > max(n1, . . . , nr).
Then the degree of K(ζ`m , `
n1
√
α1, . . . , `
nr√αr) over K(ζ`m) divides
∏r
i=1 `
ni . Moreover,
equality holds if and only if the fields K(ζ`m , `
ni
√
αi) are linearly disjoint over K(ζ`m) and
their degree over K(ζ`m) equals `ni for every i.
Proof. For the first assertion, it suffices to notice that K(ζ`m , `
n1
√
α1, . . . , `
nr√αr) is the com-
positum of the fieldsK(ζ`m , `
ni
√
αi) for i = 1, . . . , r, and each of them has degree overK(ζ`m)
dividing `ni (by considering the defining polynomial x`
ni − αi).
By the first assertion, the degree of the extension K(ζ`m , `
ni
√
αi)/K(ζ`m) divides `ni . So the
degree of their compositum equals
∏r
i=1 `
ni if and only if the extensions are linearly disjoint
and their degree equals `ni for every i. 
Lemma 5. Let K be a number field, and let ` be a prime number. Consider algebraic
numbers α1, . . . , αr in K×. Let N1, . . . , Nr,M be non-negative integers such that M >
max(N1, . . . , Nr). If we have
[K(ζ`M ,
`N1
√
α1, . . . , `
Nr√αr) : K(ζ`M )] =
r∏
i=1
`Ni ,
then we also have
[K(ζ`m , `
n1
√
α1, . . . , `
nr√αr) : K(ζ`m)] =
r∏
i=1
`ni
for all non-negative integers n1, . . . , nr,m such that ni 6 Ni for every i = 1, . . . , r and such
that max(n1, . . . , nr) 6 m 6M .
Proof. By Lemma 4 the extensions K(ζ`M , `
Ni
√
αi) for i = 1, . . . , r are linearly disjoint over
K(ζ`M ) and each one has maximal degree `Ni .
For each i = 1, . . . , r consider the tower of fields F0 ⊆ F1 ⊆ F2 with
F0 := K(ζ`M ) F1 := F0(
`ni
√
αi) F2 := F0( `
Ni
√
αi) .
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The degree of F1/F0 divides `ni (just consider the defining polynomial x`
ni −αi). By writing
βi := `
ni
√
αi we have F2 = F1( `
Ni−ni√βi) and hence the degree of F2/F1 divides `Ni−ni .
Since the degree of F2/F0 is `Ni , we deduce that the degree of F1/F0 is maximal, in other
words that the degree of K(ζ`M , `
ni
√
αi) over K(ζ`M ) equals `ni . By Lemma 3 also the exten-
sions K(ζ`M , `
ni
√
αi) for i = 1, . . . , r are linearly disjoint over K(ζ`M ), so we have
[K(ζ`M ,
`n1
√
α1, . . . , `
nr√αr) : K(ζ`M )] =
r∏
i=1
`ni .
Consider the following field diagram:
K(ζ`M ) ∩K(ζ`m , `n1
√
α1, . . . , `
nr√αr)
K(ζ`M ) K(ζ`m ,
`n1
√
α1, . . . , `
nr√αr)
K(ζ`M , `
n1
√
α1, . . . , `
nr√αr)
By Galois theory [2, Theorem 1.12 of Chapter VI] we deduce that the degree of the field
K(ζ`m , `
n1
√
α1, . . . , `
nr√αr) over its intersection with K(ζ`M ) has also degree
∏r
i=1 `
ni . This
implies by Lemma 4 that the degree of K(ζ`m , `
n1
√
α1, . . . , `
nr√αr) over K(ζ`m) is
∏r
i=1 `
ni .

3. RESULTS ON THE DEGREE OF KUMMER EXTENSIONS
3.1. Notation. Let K be a number field, and let ` be a prime number. Consider elements
α1, . . . , αr of K× which generate a torsion-free subgroup G of K× of positive rank r. For
every non-negative integers n and m with m > n write K(ζ`m , `
n√
G) for the cyclotomic-
Kummer extension K(ζ`m , `
n√α1, . . . , `n√αr). Recall from [1, Section 3] that we may as-
sociate to G some computable non-negative integers (d1, . . . , dr;h1, . . . , hr) which we call
`-divisibility parameters of G in K (the parameters d1, . . . , dr are unique up to reordering,
while there is some freedom in choosing h1, . . . , hr, see [1, Appendix]). The `-divisibility
parameters are computable, see [1, Section 6.1].
Notice that the degree of the Kummer extensions that we consider are powers of `, so it suffices
to evaluate the `-adic valuation of their degree.
3.2. Results if the exponents n1, . . . , nr are equal.
Theorem 6 ([1, Theorem 18]). Suppose that ` is odd or that ζ4 ∈ K. Let ω > 1 be the
greatest integer satisfying K(ζ`) = K(ζ`ω). Let m and n be positive integers such that m >
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max(n, ω). Then we have
(3) v`
[
K(ζ`m ,
`n
√
G) : K(ζ`m)
]
= max
i=1,...,r
(hi +min(n, di)−m, 0) +
r∑
i=1
max(n− di, 0) ,
where (d1, . . . , dr;h1, . . . , hr) are `-divisibility parameters of G in K.
Lemma 7. There are formulas for the Kummer degree
[K(ζ`m ,
`n
√
G) : K(ζ`m)]
for every non-negative integers m,n such that m > n: the formulas involve only finitely many
computable parameters (expressing properties of G over K) and a finite case distinction.
Proof. If ` is odd or that ζ4 ∈ K it suffices to take the formula provided by Theorem 6 (because
m > ω without loss of generality, the case m = 0 being trivial). Now suppose that ` = 2 and
ζ4 ∈ K. If m > 2 we can extend the base field to K(ζ4) and reduce to the previous case
(notice that in [7] we proved that the 2-divisibility parameters of G over K(ζ4) are determined
by properties over K). We are left to compute the degree [K(
√
G) : K], and this can be
achieved with [1, Lemma 19]. 
Lemma 8. There is a computable integer s such that for every m > n > s we have
(4) [K(ζ`m ,
`n
√
G) : K(ζ`m)] = `
r(n−s)[K(ζ`m ,
`s
√
G) : K(ζ`m)] .
Proof. If ` = 2 and ζ4 /∈ K we take s > 2 so that the Kummer degrees can be computed by
Theorem 6. By (3) we may then take
(5) s = max
i=1,...,r
(ε, hi + di) ,
where ε = 0 if ` 6= 2 or ζ4 ∈ K, and ε = 2 otherwise, and where (d1, . . . , dr;h1, . . . , hr) are
the `-divisibility parameters of G over K (respectively, over K(ζ4) if ` = 2 and ζ4 /∈ K). 
Notice that if G has rank 1, then there are easier formulas for the degree of K(ζ`m ,
`n
√
G) over
K(ζ`m), see [6, Section 4].
3.3. Results for the algorithm.
Theorem 9. Let K be a number field, and let ` be a prime number. Consider elements
α1, . . . , αr of K× which generate a torsion-free subgroup of K× of positive rank r. There
is a computable non-negative integer s (which depends only on K, `, and α1, . . . , αr) such
that if n1, . . . , nr,m are integers with min(n1, . . . , nr) > s and m > max(n1, . . . , nr), then
we have
(6) v`[K(ζ`m , `
n1
√
α1, . . . , `
nr√αr) : K(ζ`m , `s√α1, . . . , `s√αr)] =
r∑
i=1
(ni − s) .
Proof. Let s be as in Lemma 8, whereG = 〈α1, . . . , αr〉. Then for every non-negative integers
n,m with m > n > s we have
[K(ζ`m ,
`n
√
G) : K(ζ`m ,
`s
√
G)] = `r(n−s) .
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Set F = K(ζ`m ,
`s
√
G), and write βi = `
s√αi. We can rewrite the above formula as
(7) [F ( `
n−s√
β1, . . . ,
`n−s√βr) : F ] = `r(n−s) .
Now let n1, . . . , nr,m be integers with min(n1, . . . , nr) > s and m > max(n1, . . . , nr). Set
n = max(n1, . . . , nr). Formula (7) says by Lemma 4 that the Kummer extension
F ( `
n−s√
β1, . . . ,
`n−s√βr)/F
has maximal degree. Then by Lemma 5 we deduce that
(8) [F ( `
n1−s√
β1, . . . ,
`nr−s√βr) : F ] = r∏
i=1
`ni−si .
The statement immediately follows from (8) by taking the `-adic valuation of the degree. 
Remark 10. In Theorem 9 the integer s can be taken as in Lemma 8 where G = 〈α1, . . . , αr〉.
This is mentioned in the proof of Theorem 9.
Theorem 11. Let K be a number field, and let ` be a prime number. Consider elements
α1, . . . , αr of K× which generate a torsion-free subgroup of K× of positive rank r. Let s be
as in Theorem 9. Let n1, . . . , nr,m be integers with m > max(n1, . . . , nr). Let J, J ′ be a
partition of {1, . . . , r} such that nj > s for all j ∈ J and ni 6 s for all i ∈ J ′. Then we have
v`[K(ζ`m , `
nj√αj , `ni√αi : j ∈ J, i ∈ J ′) : K(ζ`m)] =
v`[K(ζ`m , `
s√αj , `ni√αi : j ∈ J, i ∈ J ′) : K(ζ`m)] +
∑
j∈J
(nj − s) .
Proof. We make use of the following notation:
LJ = K(ζ`m , `
nj√αj : j ∈ J)
LJ ′ = K(ζ`m , `
ni
√
αi : i ∈ J ′)
LJ,s = K(ζ`m , `
s√αj : j ∈ J)
LJ ′,s = K(ζ`m , `
s√
αi : i ∈ J ′)
L = LJLJ ′ .
Consider the field extensions
LJ,s
LJ ′LJ,s LJ
L
We first prove the equality
(9) [L : LJ ′LJ,s] = [LJ : LJ,s] .
Clearly we have the inequalities
(10) [LJ : LJ,s] > [L : LJ ′LJ,s] > [LJ ′,sLJ : LJ ′,sLJ,s] ,
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because in the first inequality we are composing the extension with LJ ′ , while in the second
inequality with LJ ′,s ⊇ LJ ′ . By Theorem 9 (applied by setting ni = s for all i ∈ J ′), the
degree on the right of (10) equals
∏
j∈J `
nj−s and it is maximal. We deduce that equalities
hold in (10). In particular, we have shown that all three extensions have maximal degree, and
we have proven (9). We then have
[L : K(ζ`m)] = [L : LJ ′LJ,s] · [LJ ′LJ,s : K(ζ`m)]
=
∏
j∈J
`nj−s · [LJ ′LJ,s : K(ζ`m)] ,
The statement follows by considering the `-adic valuation of the above degrees. 
Proof of Theorem 1. Theorem 1 is a reformulation of Theorem 11. 
Remark 12. With the notation of Theorem 1, we have proven in particular that there is a
computable non-negative integer s such that∏r
i=1 `
ni
[K(ζ`m , `
ni
√
αi : i ∈ I) : K(ζ`m)] =
∏r
i=1 `
min(ni,s)
[K(ζ`m , `
min(ni,s)
√
αi : i ∈ I) : K(ζ`m)]
holds for every non-negative integers m,n1, . . . , nr with m > max(n1, . . . , nr).
Proof of Corollary 2. By Theorem 1 (and Remark 12) it suffices to have∏r
i=1 `
min(ni,s)
[K(ζ`m , `
min(ni,s)
√
αi : i ∈ I) : K(ζ`m)]
| B
so we can take B = `rs, which is computable by Remark 10. 
Remark 13. Notice that in Corollary 2 we can take B = `rs (as stated in the proof) and that
this bound is in general optimal. Indeed, for the case ` 6= 2 or ζ4 ∈ K it suffices to consider
`s-th powers of strongly-`-independent elements of K (as in [1, Definition 10]), so that the
`-divisibility parameters in (5) are hi = 0 and di = s for all i = 1, . . . , r.
4. COMPUTATION OF KUMMER DEGREES
4.1. The algorithm. LetK be a number field, and let ` be a prime number. Consider elements
α1, . . . , αr ofK× which generate a torsion-free subgroup ofK× of positive rank r. We present
an algorithm to compute the degree of the Kummer extension
(11) K(ζ`m , `
n1
√
α1, . . . , `
nr√αr)/K(ζ`m) ,
where n1, . . . , nr vary over the non-negative integers, and m is an integer such that m >
max(n1, . . . , nr). The output of the algorithm are formulas in the variables n1, . . . , nr,m
involving only a finite case distinction.
By Theorem 1 with a finite case distinction we reduce to the case where max(n1, . . . , nr) 6 s,
where s is a computable non-negative integer depending only onK, `, α1, . . . , αr. Now fix one
of the finitely many r-tuples (n1, . . . , nr) of non-negative integers which are at most s. We can
write (11) as
K
(
ζ`m ,
`n
√
α`
n−n1
1 , . . . ,
`n
√
α`n−nrr
)
/K(ζ`m) ,
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where n = max(n1, . . . , nr). By setting G = 〈α`n−nii : i ∈ I〉 we have the extension
K(ζ`m ,
`n
√
G)/K(ζ`m) ,
whose degree can be computed by Lemma 7 (see the proof of this lemma for details).
4.2. Examples.
Example 14. Let K = Q and ` = 3. Consider the elements α1 = 2, α2 = 3, and α3 = 5. The
3-divisibility parameters of the group G = 〈2, 3, 5〉 over Q are all zero (see [1, Section 6.1])
so by (5) we can take s = 0 in Lemma 8 and hence also in Theorems 9 and 11. We deduce that
we have
[K(ζ3m ,
3n1
√
2,
3n2
√
3,
3n3
√
5) : K(ζ3m)] = 3
n1+n2+n3
for all non-negative integers m,n1, n2, n3 with m > max(n1, n2, n3).
Generalizations of the above example are the following two remarks:
Remark 15. Let K be a number field. Suppose that ` is odd or that ζ4 ∈ K. Consider
elements α1, . . . , αr of K× which generate a torsion-free subgroup of K× of positive rank r.
Let G = 〈α1, . . . , αr〉 be such that its `-divisibility parameters are all zero (this means that
α1, . . . , αr are strongly-`-independent in the sense of [1, Definition 10]). Then by (5) we can
take s = 0 in Lemma 8 and hence also in Theorems 9 and 11. We deduce that we have
[K(ζ`m , `
n1
√
α1, . . . , `
nr√αr) : K(ζ`m)] =
r∏
i=1
`ni
for all non-negative integers m,n1, . . . , nr with m > max(n1, . . . , nr).
Remark 16. LetK be a number field. Suppose that ` is odd or that ζ4 ∈ K. Consider elements
α1, . . . , αr of K× which generate a torsion-free subgroup of K× of positive rank r. Suppose
that αi = β`
di
i where β1, . . . , βr are strongly-`-independent elements of K. We have
K(ζ`m , `
n1
√
α1, . . . , `
nr√αr) = K(ζ`m , `max(n1−d1,0)
√
β1, . . . ,
`max(nr−dr,0)√βr) .
By the previous remark we conclude that
[K(ζ`m , `
n1
√
α1, . . . , `
nr√αr) : K(ζ`m)] =
r∏
i=1
`max(ni−di,0)
for all non-negative integers m,n1, . . . , nr with m > max(n1, . . . , nr).
Example 17. Let K = Q and ` = 2. Consider the elements α1 = −4, α2 = 5. The 2-
divisibility parameters of the group G = 〈−4, 5〉 over Q(ζ4) are (d1, d2;h1, h2) = (2, 0; 0, 0)
because −4 = (1 + i)4 (and 1 + i generates a prime ideal hence it is strongly-2-indivisibile in
the sense of [1, Definition 5]). Then by (5) we can take s = 2 in Lemma 8 and hence also in
Theorems 9 and 11.
We get the following case distinction, where n1, n2,m are non-negative integers with m >
max(n1, n2), and where deg(n1, n2,m) stands for the degree of Q(ζ2m , 2
n1
√−4, 2n2√5) over
Q(ζ2m):
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n1 n2 m deg(n1, n2,m)
0 0 > 0 1
1 0 1 2
1 0 > 2 1
0 1 1 2
0 1 > 2 2
1 1 1 4
1 1 > 2 2
> 2 0 > 2 2n1−2
> 2 1 > 2 2n1−1
0 > 2 > 2 2n2
1 > 2 > 2 2n2
> 2 > 2 > 2 2n1+n2−2
We then get the following formulas, with only three cases:
(1) If m = 0, 1: deg(n1, n2,m) = 2n1+n2 ;
(2) If m > 2 and n1 = 0, 1: deg(n1, n2,m) = 2n2 ;
(3) If m > 2 and n1 > 2: deg(n1, n2,m) = 2n1+n2−2.
Example 18. Let K = Q(
√
5), and let ` = 3. Consider the elements α1 = 1 +
√
5 and
α2 = 5
√
5 + 25 = (
√
5)3α1. The 3-divisibility parameters for the group G = 〈α1, α2〉 can
be read off a 3-good basis of G (namely a basis as in [1, Theorem 14]), which is in this case
α1 = 1 +
√
5 and α2/α1 = (
√
5)3. Notice that 1 +
√
5 and
√
5 are strongly-3-independent
in the sense of [1, Definition 10] because they generate distinct prime ideals: the first element
generates the prime ideal (2) while the second generates the prime ideal over 5, which ramifies
in Q(
√
5). So the 3-divisibility parameters of G are (d1, d2;h1, h2) = (0, 1; 0, 0). By (5) we
can take s = 1 in Lemma 8 and hence also in Theorems 9 and 11. We then have the following
case distinction, where n1, n2,m are non-negative integers with m > max(n1, n2), and where
deg(n1, n2,m) stands for the degree of K(ζ3m , 3
n1
√
α1, 3
n2
√
α2) over K(ζ3m):
n1 n2 m deg(n1, n2,m)
0 0 > 0 1
> 1 0 > 0 3n1
0 > 1 > 0 3n2
> 1 > 1 > 0 3n1+n2−1
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